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USING INDICES OF POINTS ON AN ELLIPTIC CURVE TO CONSTRUCT A
DIOPHANTINE MODEL OF Z AND DEFINE Z USING ONE UNIVERSAL QUANTIFIER
IN VERY LARGE SUBRINGS OF NUMBER FIELDS, INCLUDING Q
ALEXANDRA SHLAPENTOKH
ABSTRACT. Let K be a number field such that there exists an elliptic curve E of rank one
over K. For a set WK of primes of K, let OK,WK = {x ∈ K : ordp x ≥ 0, ∀p 6∈ WK}. Let
P ∈ E(K) be a generator of E(K) modulo the torsion subgroup. Let (xn(P ), yn(P )) be the
affine coordinates of [n]P with respect to a fixed Weierstrass equation of E. We show that
there exists a set WK of primes ofK of natural density one such that inOK,WK multiplication
of indices (with respect to some fixed multiple of P ) is existentially definable and therefore
these indices can be used to construct a Diophantine model of Z. We also show that Z
is definable over OK,WK using just one universal quantifier. Both, the construction of a
Diophantine model using the indices and the first-order definition of Z can be lifted to the
integral closure of OK,WK in any infinite extension K∞ of K as long as E(K∞) is finitely
generated and of rank one.
1. INTRODUCTION
The interest in constructing Diophantine models of Z over various rings and related is-
sues of Diophantine decidability and definability over rings goes back to a question that
was posed by Hilbert: given an arbitrary polynomial equation in several variables over
Z, is there a uniform algorithm to determine whether such an equation has solutions in
Z? This question, otherwise known as Hilbert’s Tenth Problem, has been answered neg-
atively in the work of M. Davis, H. Putnam, J. Robinson and Yu. Matijasevich. (See [5],
[6] and [15].) Since the time when this result was obtained, similar questions have been
raised for other fields and rings. In other words, if R is a recursive ring, then, given an
arbitrary polynomial equation in several variables over R, is there a uniform algorithm to
determine whether such an equation has solutions in R? One way to resolve the ques-
tion of Diophantine decidability negatively over a ring of characteristic 0 is to construct a
Diophantine definition of Z over such a ring. This notion is defined below.
Definition 1.1. Let R be a ring and let A ⊂ Rk, k ∈ Z>0. Then we say that A has a
Diophantine definition over R if there exists a polynomial
f(t1, . . . , tk, x1, . . . , xn) ∈ R[t1, . . . , tk, x1, . . . , xn]
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such that for any t¯ ∈ Rk,
∃x1, . . . , xn ∈ R, f(t1, . . . , tk, x1, ..., xn) = 0⇐⇒ t¯ ∈ A.
If the quotient field of R is not algebraically closed, we can allow a Diophantine defi-
nition to consist of several polynomials without changing the nature of the relation. (See
[6] for more details.)
The usefulness of Diophantine definitions stems from the following easy lemma.
Lemma 1.2. Let R1 ⊂ R2 be two recursive rings such that the quotient field of R2 is not
algebraically closed. Assume that Hilbert’s Tenth Problem (abbreviated as “HTP” in the future)
is undecidable over R1, and R1 has a Diophantine definition over R2. Then HTP is undecidable
over R2.
Using norm equations, Diophantine definitions have been obtained for Z over the rings
of algebraic integers of some number fields. Jan Denef has constructed a Diophantine defi-
nition of Z for the finite degree totally real extensions ofQ. Jan Denef and Leonard Lipshitz
extended Denef’s results to all the extensions of degree 2 of the finite degree totally real
fields. Thanases Pheidas and the author of this paper have independently constructed Dio-
phantine definitions of Z for number fields with exactly one pair of non-real embeddings.
Finally Harold N. Shapiro and the author of this paper showed that the subfields of all
the fields mentioned above “inherited” the Diophantine definitions of Z. (These subfields
include all the abelian extensions.) The proofs of the results listed above can be found in
[7], [9], [8], [20], [28], and [30].
The author modified the norm method to obtain Diophantine definitions of Z for “large”
subrings of totally real number fields (not equal to Q) and their extensions of degree 2.
(See [32], [33], [35], [37].) Further, again using norm equations, the author also showed
that in some totally real infinite algebraic extensions of Q and extensions of degree 2 of
such fields one can give a Diophantine definition of Z over integral closures of “small”
and “large” rings, though not over the rings of algebraic integers. (The terms “large” and
”small” rings will be explained below in Definition 1.4.)
Using elliptic curves Bjorn Poonen has shown the following in [24].
Theorem 1.3. LetM/K be a number field extension with an elliptic curve E defined over K,
of rank one over K, such that the rank of E overM is also one. Then OK (the ring of integers
of K) is Diophantine over OM .
Cornelissen, Pheidas and Zahidi weakened somewhat assumptions of Poonen’s theorem.
Instead of requiring a rank 1 curve retaining its rank in the extension, they require exis-
tence of a rank 1 elliptic curve over the bigger field and an abelian variety over the smaller
field retaining its positive rank in the extension (see [1]). Further, Poonen and the au-
thor have independently shown that the conditions of Theorem 1.3 can be weakened to
remove the assumption that the rank is one and require only that the rank in the extension
is positive and the same as the rank over the ground field (see [38] and [23]). Following
Denef in [9], the author also considered the situations where elliptic curves had finite rank
in infinite extensions and showed that when this happens in a totally real field one can
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existentially define Z over the ring of integers of this field and the ring of integers of any
extension of degree 2 of such a field (see [39]).
Recently, in [19], Mazur and Rubin showed that if Shafarevich-Tate conjecture held over
a number field K, then for any prime degree cyclic extension M of K, there existed an
elliptic curve of rank one over K, keeping its rank over M . Combined with Theorem 1.3,
this new result showed that Shafarevich -Tate conjecture implied HTP is undecidable over
the rings of integers of any number field. Similar consequences can be derived for big rings
in any number field.
Perhaps the most prominent open question in the subject is the Diophantine status of Q.
As indicated above, one way to show unsolvability of HTP over Q would be to construct a
Diophantine definition of Z over Q. A Diophantine definition is an example of a Diophan-
tine model. Given two recursive rings R1 and R2 we say that R2 has a Diophantine model
of R1 if there exists an injective and recursive map φ : R1 −→ R2 sending Diophantine sets
to Diophantine sets. If R1 has undecidable Diophantine sets, then so does R2. Therefore,
any recursive ring with a Diophantine model of Z has undecidable Diophantine sets and
thus HTP is unsolvable over this ring.
It is also not hard to show that given an injection φ of Z into a recursive ring R, it
is enough to show that the images of the graphs of addition and multiplication are Dio-
phantine over R, in order to conclude that φ is a Diophantine model. An old plan for
constructing a Diophantine model of Z over Q involved elliptic curves of rank one (see
[22]). More specifically let E be an elliptic curve defined and of rank one over Q. Fix an
affine Weierstrass equation for E, as well as a generator Q. Let r be the size of the torsion
group and let P = [r]Q. Let (xn(P ), yn(P )) be the coordinates of [n]P derived from our
fixed affine Weierstrass equation. Now for n 6= 0 send n to yn. It is easy to see that the
graph of addition is Diophantine over Q, but it is not clear what happens to the graph of
multiplication. This plan has another potentially fatal complication: Mazur’s conjectures
(see [16], [17], [18]). As was shown in [3], if Mazur’s conjecture on topology of rational
points holds, there is no Diophantine model of Z over Q. It is precisely these difficulties
preventing the resolution of the problem over Q that motivated the investigation of Dio-
phantine definability and decidability over “large” or ”big” rings. These rings can be found
in any number field and we define them below.
Definition 1.4. Let K be a number field and let WK be a set of primes of K. Define OK,WK
to be the following ring:
OK,WK := {x ∈ K : ordp x ≥ 0, ∀p 6∈ WK}.
If WK is infinite we will call these rings “big” or “large”. If WK is finite we refer to the
corresponding rings as “small”. Such rings are also known as the rings of S -integers.
Perhaps the most significant result concerning big rings was obtained by Poonen in [25].
In this paper he showed that there exists a big ring inside Q where the set of primes al-
lowed in the denominator is of natural density one and the ring possesses a Diophantine
model of Z. To carry out his construction, Poonen modeled integers by approximation.
More specifically in [25] he proved the following. Let E be a curve of rank one over Q
without complex multiplication and with only one connected component. Let P be a gen-
erator of E(Q). Then for some set WQ of rational primes of natural density one, we have
that E(OK,WQ) = {(xℓi , yℓi), i ∈ Z>0} ∪ { finite set }, where (xn, yn) are the coordinates of
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[n]P obtained from a fixed affine Weierstrass equation of E. Further it is also the case
that |yℓi − i| < 10−i for all positive integers i. Later in [27], this result was lifted to all
number fields with rank one elliptic curves (also including curves with complex multipli-
cation) though construction of the model proceeded along a different path but still using
a subsequence of coordinates (xℓi, yℓi).
In this paper we resurrect in a manner of speaking the old plan of modeling Z using the
indices of points on an elliptic curve but only over a big ring. More precisely we prove the
following theorem.
Theorem 1.5. LetK be a number field. Let E be an elliptic curve defined and of rank one over
K. Let P be a generator of E(K) modulo the torsion subgroup, and fix an affine Weierstrass
equation for E of the form y2 = x3 + ax+ b, with a, b ∈ OK , where OK is the ring of integers
of K. Let (xn, yn) be the coordinates of [n]P derived from this Weierstrass equation. Then
there exists a set of K-primes WK of natural density one, and a positive integer m0 such that
the following set Π ⊂ O12K,WK is Diophantine over OK,WK .
(U1, U2, U3, X1, X2, X3, V1, V2, V3, Y1, Y2, Y3) ∈ Π⇔
∃ unique k1, k2, k3 ∈ Z6=0 such that
(
Ui
Vi
,
Xi
Yi
)
= (xm0ki , ym0ki), for i = 1, 2, 3, and k3 = k1k2.
We can use this result to construct yet another variation of a Diophantine model of Z.
Definition 1.6. Let R be a countable recursive ring, let D ⊂ Rk, k ∈ Z>0, be a Diophantine
subset, and let ≈ be a (Diophantine) equivalence relation on D, i.e. assume that the set
{(x¯, y¯) : x¯, y¯ ∈ D, x¯ ≈ y¯} is a Diophantine subset of R2k. Let D = ⋃i∈ZDi, where Di is
an equivalence class of ≈, and let φ : Z −→ {Di, i ∈ Z} be defined by φ(i) = Di. Finally
assume that the sets
P lus = {(x¯, y¯, z¯) : x¯ ∈ Di, y¯ ∈ Dj , z¯ ∈ Di+j}
and
T imes = {(x¯, y¯, z¯) : x¯ ∈ Di, y¯ ∈ Dj , z¯ ∈ Dij}
are Diophantine over R.
Then we will say that R has a class Diophantine model of Z.
It is clear that if R does have a class Diophantine model of Z then HTP is not solvable
over R. Such a model of Z has been used already to show Diophantine undecidability of
function fields of positive characteristic (see [10], [12], [21], [29], [31], [34]).
As a corollary of Theorem 1.5 we immediately obtain the following statement.
Corollary 1.7. In the notation above, for n 6= 0 let φ(n) = [(Um0n, Xm0n, Vm0n, Ym0n)], the
equivalence class of (Um0n, Xm0n, Vm0n, Ym0n) under the equivalence relation described below,
where Um0n, Xm0n, Vm0n, Ym0n ∈ OK,WK , Vm0nYm0n 6= 0, and (xm0n, ym0n) =
(
Um0n
Vm0n
,
Xm0n
Ym0n
)
.
Let φ(0) = {(0, 0, 0, 0)}. Then φ is a class Diophantine model of Z. (Here if V Vˆ Yˆ Y 6= 0 we
set (U,X, V, Y ) ≈ (Uˆ , Xˆ, Vˆ , Yˆ ) if and only if Uˆ
Vˆ
=
U
V
and
Xˆ
Yˆ
=
X
Y
.)
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Using Theorem 1.5 we also prove the following.
Theorem 1.8. Let K be a number field. Let E be an elliptic curve defined and of rank one
over K. Then there exists a set WK of primes of K of natural density one such that Z is
first-order definable over OK,WK using just one universal quantifier.
This result is an improvement of the first-order definability results for big rings in [2]
and [26], where the first-order definition of Z was given using just one universal quantifier
over big rings contained in Q in [26] and in some number fields in [2] with the natural
density of the inverted primes arbitrarily close but not equal to one. (We should also note
here that the main result of [26] is defining Z over Q using two universal quantifiers.) The
result of this paper is also a natural complement to the results of [4] where it was shown
that a model of Z can be defined over Q using just one universal quantifier provided a
certain conjecture on elliptic curves is true. More recently, Jochen Koenigsmann showed
in [13] that Z can be defined over Q using just one universal quantifier.
Finally, Theorem 1.5 allows us to simplify some results concerning infinite extensions
from [39]. The result of Theorem 1.5 holds for any algebraic extension of Q with a rank
1 finitely generated elliptic curve. No additional assumptions are required. In the past we
needed some way to define integrality at a prime in an infinite extension to use this kind
of elliptic curve technique.
We finish this section with a notation set to be used in the rest of the paper.
Notation 1.9. • Let PQ = {2, 3, 5, . . .} denote the set of rational primes.
• Let K be a number field.
• Let PK be the set of all finite primes of K.
• Given x ∈ K, let n(x) = ∏p pordp x, where the product is taken over all p ∈ PK
such that ordp x > 0. Let d(x) = n(x
−1).
• Let WK ⊂ PK (we will make WK more specific in the next section).
• Let A,B ∈ OK,WK . Then we will say that (A,B)WK = 1 if for all p ∈ PK \ WK we
have that either ordpA = 0 or ordpB = 0.
• Let A,B ∈ OK,WK . Then we will say that A
∣∣∣
WK
B if for all p 6∈ WK we have that
ordpB ≥ ordpA or in other words A divides B in the ring OK,WK .
• Let hK be the class number of K. (See [11], Chapter I, §4 for the definition of a
class number.)
• Let A,B be two integral divisors of K. Then we will say that A
∣∣∣B to mean that for
all p ∈ P(K) we have that ordp A ≤ ordp B.
• Suppose A,B are two divisors of K with B = Aj . Then we set j√B = A.
2. AN OUTLINE OF THE PROOF OF THEOREM 1.5
LetK be a number field with an elliptic curve of rank 1. The key to the proof of Theorem
1.5, that is the key to the construction of a big subring of K where the theorem holds, is
the choice of K-primes to invert in the ring. In [25] and [27] the inverted primes were
chosen so that only a specific sequence of the elliptic curve points had its coordinates in
the ring. (We remind the reader that an element of our number field is in the ring if and
only if all the primes occurring in the denominator of its divisor are inverted in the ring.)
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In our case, almost no point of the elliptic curve will have its coordinates in the ring and
we will have to represent each coordinate by a pair consisting of a “numerator” and the
corresponding “denominator”. This is the reason for having a class Diophantine model at
the end instead of a regular Diophantine model: every coordinate of an elliptic curve point
will be represented by an equivalence class of pairs of “numerators” and “denominators”,
as in a standard construction of the fraction field of a ring.
To explain the main ideas of the proof we for the moment simplify the situation assuming
that K = Q, there are no torsion points, and every non-trivial multiple of the generator
P has a primitive divisor. In other words we assume that for every n > 0, there exists
a prime dividing the reduced denominators of the affine coordinates of [n]P such that
this prime does not divide the reduced denominators of the coordinates of any [m]P with
0 < m < n. (In general this will be true for sufficiently large n only. See Proposition
4.4.) We will also assume that the coordinates of P itself are non-zero integers. (In “real
life” we will invert the primes which appear in the denominator of the coordinates of P .
Also the primitive divisor requirement and the chosen form of the Weierstrass equation
will force all the non-trivial multiples of P to have non-zero coordinates.) Under our
assumptions we can represent [n]P for a non-zero integer n, as a pair
(
Un
Vn
,
Xn
Yn
)
, where
Un 6= 0, Vn > 0, Xn 6= 0, Yn > 0 are integers and (Un, Vn) = 1, (Xn, Yn) = 1. Later we will
not be able to assume that Un, Vn, Xn, Yn are integers but only that these are elements of
our big ring. However, we will able to treat the variables ranging over the big rings almost
in the same way as if they were integers.
From [25] (see Proposition 4.3, Lemma 4.6, and Lemma 4.8 in this paper) we know that
(2.1) if m,n ∈ Z6=0 with m|n, then Vm|Vn in Z, and conversely if Vm|Vn in Z then m|n,
and
(2.2) if k,m ∈ Z>0, then all the primes occurring in (Vk, Vm) occur in V(k,m),
where (Vk, Vm) = GCD(Vk, Vm) and (k,m) = GCD(k,m) in Z. (Since we assumed that
every non-trivial multiple of P has a primitive divisor, we do not have to worry about k
and m being large enough.) Given our assumptions on the coordinates of P , we have that
V1 = 1, and if (k,m) = 1, then (Vk, Vm) = 1. Thus, if k and m are non-zero relatively prime
integers, then VkVm|Vkm. Unfortunately, in general Vkm does not divide VkVm. In particular,
Vkm is divisible by some prime powers which do not occur in Vk and Vm. So the main idea
behind the proof is to invert these extra primes to force Vkm to divide VkVm in the resulting
ring. Of course we have to leave enough primes uninverted so that (2.1) still holds in the
ring.
We now describe the primes we do not invert. For each rational prime p and any positive
integer ℓ we keep uninverted the largest primitive divisor of [pℓ]P . We call these primes
indicator primes. (The idea that the indicator primes are enough to identify uniquely
positive multiples of a generator was first investigated in [2].) We invert all the other
primes and denote by R the resulting subring of Q. Observe that for m =
∏
pℓii , we have
that Vm is divisible by the indicator prime of each [p
ℓ
i ]P for all i and all ℓ = 1, . . . , ℓi, and,
because of (2.2), by no other indicator primes. Indeed, first suppose q is an indicator
prime Vpr , where p 6= pi for any i. In this case by (2.2), q divides V(pr,m) = V1 = 1 and
we have a contradiction. Next assume that q is an indicator prime for some Vpri , where
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r > ℓi. By definition of an indicator prime we have that q|Vpri but q does not divide Vpji for
any j ∈ {1, . . . , r − 1}. Applying (2.2) again we obtain q|V(pr,m) = Vpℓi contradicting our
assumptions in this case also.
So now we are in a situation where for k,m ∈ Z6=0 and relatively prime, VkVm and Vkm
are divisible by the same uninverted primes. Unfortunately, there is one more point to take
care of. The indicator primes do not necessarily appear to the same power in Vk, Vm and
Vkm (see Lemma 4.5 in this paper). Here we need another technical result from [25]. Let
q 6= p be rational primes.
(2.3) If ordq Vm > 0, then ordq Vpm = ordq Vm, and ordq Vqm > ordq Vm.
Therefore we will need another condition on k and m besides being relatively prime:
(k, Vm)R = 1 and (m, Vk)R = 1. With these additional assumptions we conclude that
that Vkm|RVkVm in our ring. (Here for A,B ∈ R we write “(A,B)R = 1” to mean that
the reduced numerators of A and B are not simultaneously divisible by any non-inverted
prime, and we write “A|RB” to indicate the divisibility in the ring, i.e. the fact that B
A
∈ R.)
To summarize the discussion above we can now say ∀n, k,m ∈ Z6=0 :
[(k,m) = 1 ∧ (k, Vm)R = 1 ∧ (m, VK)R = 1]ww
(Vn|RVmVk ∧ VmVk|RVn ⇔ |n| = |km|).
(See Proposition 4.14 and Lemma 4.16.)
If (k,m) = 1, (k, Vm)R = 1, and (m, Vk)R = 1, we say that the indices k and m can be
“multiplied directly”. Before we explain how to “multiply” arbitrary indices, note that for
any triple of non-zero indices k,m and n we have that
(2.4) Vn|RVmVk and VmVk|RVn implies |n| = |km|.
(As above, the divisibility bar with a subscript R here refers to the divisibility in our
ring.) Note also that, as a general matter, for any ring of characteristic not equal to 2, to
define multiplication, it is enough to define squaring: xy = 1
2
((x+ y)2 − x2 − y2).
To take care of the indices that we cannot multiply directly we show that for every even
index k there exists an odd integer w such that pairs k and w and k and k + w can be
multiplied directly. (See Proposition 4.18 and Remark 4.19.) In other words we are able
to say, given an index k ∈ 2Z6=0, that there exists a w ∈ Z6=0, such that GCD(k, w) = 1 and
for some s, t ∈ Z6=0 we have that
(2.5) Vk+wVw|RVs ∧ Vs|RVk+wVw
and
(2.6) VkVw|RVt ∧ Vt|RVkVw
or, in other words,
(2.7) |(k + w)k| = |s| ∧ |kw| = |t|
If not for absolute values in (2.7), we would be done, since we would be able to define
a square of k. We deal with absolute values via considering all possible cases and using
(2.1) in Lemma 5.10.
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Over Z, given integers U > 0, V > 0, X 6= 0, Y 6= 0 such that U
V
and
X
Y
satisfy the
chosen Weierstrass equation and such that (U, V ) = 1, (X, Y ) = 1, we can conclude that
(U, V,X, Y ) = (Un, Vn, Xn, Yn) for some unique n ∈ Z6=0. Unfortunately, if we now assume
that (U > 0, V > 0, X 6= 0, Y 6= 0) ∈ R4, where R is, as above, our ring with infinitely
many primes inverted, and
U
V
and
X
Y
satisfy the chosen Weierstrass equation with
(U, V )R = 1, (X, Y )R = 1,
then we will be able to conclude only that U = U˜n = UnU¯n, V = V˜n = VnV¯n, where U¯n, V¯n
are rational numbers whose reduced numerators and denominators are divisible by the
inverted primes only. (A similar conclusion will apply to (X, Y ).) However, since we are
only interested in the divisibility by the non-inverted indicator primes, the “bar” parts do
not matter or in other words, for any k,m, n ∈ Z6=0 we still have that
(k,m) = 1, (k, Vm) = 1, (m, Vk) = 1 =⇒ (V˜n|RV˜mV˜k ∧ V˜mV˜k|RV˜n ⇔ |n| = |km|).
This is so, because (k,m) = 1, (k, Vm) = 1, (m, Vk) = 1⇐⇒ (V˜k, V˜m)R = 1 and V˜n|RV˜mV˜k ⇐⇒
Vn|RVmVk, etc. The fact that we can express the condition of being relatively prime in our
ring in polynomial terms is demonstrated in Lemma 5.2. Unfortunately, when the under-
lying field has a class number greater than one, there are other technical complications
requiring raising variables to the power divisible by a class number to obtain relatively
prime numerators and denominators. (See Notation 5.3, Item 3 and Remark 5.4.)
The last point that needs to be explained is the density of the inverted and the non-
inverted prime sets. In [25] and [27], it was shown that the natural density of the indicator
primes corresponding to the prime multiples of any infinite order point is 0. So the only
remaining question is the density of the indicator primes corresponding to prime power
multiples of such a point, when the power is at least 2. This density is also 0 and the
corresponding calculation is much easier. It was first carried out in [2] and is reproduced
in the appendix of this paper for the convenience of the reader.
3. AN OUTLINE OF THE PROOF OF THEOREM 1.8.
In this section we keep for the moment the simplifying assumptions and notation of the
preceding section, i.e. we assume that we are dealing with a rank one elliptic curve over Q
with a trivial torsion group, and a Weierstrass equation as above, and that every non-trivial
multiple of a generator has a primitive divisor. We also assume that Theorem 1.5 holds
or in other words in a big subring R of Q described above we have defined existentially
multiplication of indices.
If x ∈ Q and x = A
B
, where A,B ∈ R with AB 6= 0, then we say that A and B are a
reduced numerator and a denominator respectively, if (A,B)R = 1. In other words, neither
A, nor B are divisible by “extra” non-inverted primes. If R = Z, this definition is the same
as the usual one. We now need the following results from [24] (Lemmas 4.7 and 4.20 of
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this paper):
(3.8)
“For any sufficiently large l ∈ Z>0, for any k ∈ Z>0 we have that
the reduced denominator of xl divides the reduced numerator of
(
xl
xkl
− k2
)2
in Z”,
and
(3.9)
“For any n ∈ Z>0 there exists l ∈ Z>0 such that
n divides the reduced denominator of xl in Z”.
Now let z be an arbitrary element of our big ring with the following property: there exists
a non-zero integer k, such that for all rational numbers b in our ring, there exist non-zero
integers i and j satisfying the equations (3.10)–(3.12) below.
(3.10) b2 divides the reduced denominator of xi in our ring.
(3.11) j = ik
(3.12)
The reduced denominator of xi
divides the reduced numerator of (z − xi
xj
)2 in our ring.
(Here, as above, xk, xi, xj are the x-coordinates of [k]P, [i]P and [j]P respectively.) Then
z ∈ Z.
Conversely, if z above is a square of a non-zero integer, then we can find a k ∈ Z6=0 such
that for every b in our big ring there exist i and j so that (3.10) – (3.12) are satisfied.
First assume that z, a rational number in our ring, is fixed. Let k be the corresponding
non-zero integer, b an arbitrary element of the ring and assume that i, j ∈ Z6=0 are such
that the equations above are satisfied. From (3.8) and (3.10) we conclude that b divides
the reduced numerator of
(
xi
xj
− k2
)
=
(
xi
xik
− k2
)
as well as the reduced numerator of
(z − xi
xj
) = (z − xi
xik
) in our ring. Thus, b divides the reduced numerator of z − k2 in our
ring. If z =
z1
z2
, where z1, z2 ∈ Z6=0, then b divides z1 − z2k2 in our ring. If we pick b to be
divisible by qm, where q is a prime which is not inverted in our ring and m is a positive
integer large enough so that qm > |z1 − z2k2|, then qm divides z1 − z2k2 in Z and the only
way the divisibility condition can hold is for z1 = z2k. Without loss of generality we can
assume that z1 and z2 were picked to be relatively prime in Z, and since k is a non-zero
integer, we must conclude that z2 = 1, and z = z1 = k
2.
Assume now that z = k2 where k ∈ Z6=0. Let b be any rational number in our ring. Let
i > 0 be such that b2 divides the reduced denominator of xi and i is sufficiently large so
that (3.8) holds for l = i. Such an i exists by (3.9). Finally let j = ik and observe that
(3.12) now holds by (3.8).
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4. ELLIPTIC CURVES
We now proceed with the detailed description of the proof. In this section we lay down
the elliptic curve foundations of our results. Many of the technical details in this section
are taken from [2], [24], [25] and [27]. Below we indicate which technical results have
been taken from other papers.
Notation and Assumptions 4.1. We add the following notation and assumptions to the
list above.
• Let E be an elliptic curve of rank 1 defined over K (in particular, we assume such
an E exists).
• We fix a Weierstrass equationW : y2 = x3 + ax+ b for E with all the coefficients in
the ring of integers of K.
• Let E(K)tors be the torsion subgroup of E(K).
• Let t be a multiple of #E(K)tors.
• Let Q ∈ E(K) be such that Q generates E(K)/E(K)tors.
• Let P := [t]Q.
• Let Sbad = Sbad(W,P,K) ⊆ PK consist of the primes that ramify in K/Q, the
primes for which the reduction of the chosen Weierstrass model is singular (this
includes all primes above 2), and the primes at which the coordinates of P are not
integral.
• For n ∈ Z6=0 write [n]P = (xn, yn) = (xn(P ), yn(P )) where xn, yn ∈ K.
• For n ∈ Z6=0, let the divisor of xn(P ) be of the form
an
dn
bn =
an(P )
dn(P )
bn(P )
where
– dn =
∏
q q
−aq , where the product is taken over all primes q of K not in Sbad
such that aq = ordq xn < 0.
– an =
∏
q q
aq , where the product is taken over all primes q of K not in Sbad
such that aq = ordq xn > 0.
– bn =
∏
q q
aq , where the product is taken over all primes q ∈ Sbad and aq =
ordq xn.
• For n as above, let Sn = Sn(P ) = {p ∈ PK : p|dn}. By definition of Sbad and dn,
we have S1 = ∅.
• For ℓ ∈ PQ, define aℓ to be the smallest positive integer such that for any j ≥ aℓ
we have that Sℓj \Sℓj−1 6= ∅. By Proposition 4.4 below, for all but finitely many
primes ℓ we have that aℓ = 1 and for all ℓ we have that aℓ is well defined.
• For j ∈ Z≥1, let pℓj(P ) = pℓj be a prime of the largest norm in Sℓj \Sℓj−1 , if such a
prime exists. (This prime will be called the indicator prime for [pℓj ]P .)
• Let m0 =
∏
aℓ>1
ℓaℓ−1. (Note that m0 is well defined since, as we have observed
above, for all but finitely many primes ℓ we have that aℓ = 1.)
• For all j ∈ Z≥1 let qℓj = pℓj+ordℓ m0 .
• Let T = [m0]P .
• Let VK = VK(P ) = {pℓj : ℓ ∈ PQ, j ∈ Z>0}.
• Let WK = (PK \ VK) ∪Sm0 . (WK will be the set of the inverted primes.)
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• Let Cn = (Sn ∩ VK) \ Sm0 . Note that Cm0 = ∅. (Cn will be the collection of the
prime factors of the “|n|”-th denominator which are not inverted.)
• Let Xn = Sm0n. (Xn will be the set of the “not-bad denominator primes” for [n]T .)
• Let Yn = Cm0n and observe that Y1 is empty. (Yn will be the set of the non-inverted
“denominator” primes for [n]T .)
• Let cn =
∏
q q
−aq , where the product is taken over all primes q of K not in WK such
that aq = ordq xn < 0. (The divisor cn will be the non-inverted part of the “|n|”-th
denominator.)
• Let fn = cm0n.
• For x ∈ K, let d(x) = ∏q q−aq , where the product is taken over all primes q of K
such that aq = ordq x < 0. Let n(x) = d(x
−1).
• For x ∈ K, let dWK (x) =
∏
q q
−aq, where the product is taken over all primes q of K
not in WK such that aq = ordq x < 0. Let nWK (x) = dWK (x
−1).
Below we combine ideas from [24], [27] and [2] to show that it is enough to have one
non-inverted indicator prime for every prime power of the index to identify the index of
a point uniquely (up to a sign). At the same time, if we don’t invert only the indicator
primes of the index prime powers, we will have “almost” arranged for the multiplication
of indices.
As pointed out above, denominator prime sets are not enough to establish a sign of an
index. This is demonstrated by the lemma below.
Lemma 4.2. For any n ∈ Z6=0 we have that Sn = S−n,Cn = C−n,X−n = Xn, Y−n = Yn,
and fn = f−n.
Proof. Given the choice of our Weierstrass equation, we have that x−n = xn. 
Our next step is to establish several important properties of the primes which appear in
the denominators in Propositions 4.3–4.13. Fortunately for us, most of the technical work
has already been done elsewhere.
Proposition 4.3 (Lemma 3.1 of [27]). Let R be an integral divisor of K. Then
{n ∈ Z \ {0} : R | dn(P )} ∪ {0}
is a subgroup of Z.
Proposition 4.4 (Proposition 3.5 of [27]). There exists C > 0 such that for all ℓ,m ∈ PQ
with max(ℓ,m) > C we have that Sℓm \ (Sℓ ∪Sm) 6= ∅.
Lemma 4.5. Let n ∈ Z≥1. Suppose that t ∈ PK divides dn, and p ≥ 2 is a rational prime.
(1) If t | p, then ordt dpn ≥ 2 + ordt dn.
(2) If t ∤ p, then ordt dpn = ordt dn.
Proof. The proof of the lemma is almost identical to the proof of Lemma 3.3 of [27] except
for the fact that we allow p = 2. We also remind the reader that any t dividing dn is
automatically not in Sbad and therefore is not dyadic, ramified over Q or is among primes
at which our Weierstrass model has a bad reduction. 
Corollary 4.6. Let n ∈ Z≥1. Suppose that t ∈ PK divides cn (or fn), and p ≥ 2 is a rational
prime.
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(1) If t | p, then ordt cpn ≥ 2 + ordt cn (or ordt fpn ≥ 2 + ordt fn).
(2) If t ∤ p, then ordt cpn = ordt cn (or ordt fpn = ordt fn).
Proof. The corollary follows immediately from the lemma above if we note that we obtain
cn from dn by removing factors of dn which are in WK , and fn = cm0n. 
Lemma 4.7 (Lemma 10 of [24]). Let A be any integral divisor of K. Then there exists
k ∈ Z > 0 such that A
∣∣∣d(xk).
Lemma 4.8. Let m,n ∈ Z \ {0}, and let (m,n) be their GCD. Then
Sm ∩Sn = S(m,n),
Xm ∩Xn = X(m,n),
Cm ∩ Cn = C(m,n),
and
Ym ∩ Yn = Y(m,n).
In particular, if (m,n) = 1, then
Sm ∩Sn = ∅,
Xm ∩Xn = X1 = Sm0 ,
Cm ∩ Cn = C1 = ∅,
and
Ym ∩ Yn = Cm0 = ∅.
Proof. The assertionSm∩Sn = S(m,n) is exactly Lemma 3.2 of [27]. Therefore if (m,n) = 1
we have that S(m,n) = S1 = ∅ by definition of Sn. Further, by definition,
Xn = Sm0n,Xm = Sm0n
and therefore,
Xm ∩Xn = Sm0n ∩Sm0m = Sm0(m,n) = X(m,n).
Thus, if (m,n) = 1 we have
Xm ∩Xn = X1 = Sm0 .
Also by definition,
Cn = (Sn ∩ VK) \Sm0 ,Cm = (Sm ∩ VK) \Sm0
and therefore,
Cn ∩ Cm = (Sm ∩Sn ∩ VK) \Sm0 = (S(m,n) ∩ VK) \Sm0 = C(m,n).
Consequently, if (m,n) = 1 we have that
Cm ∩ Cn = C1 = (S1 ∩ VK) \Sm0 = ∅.
Finally, again by definition,
Yn = Cm0n,Ym = Cm0m
and therefore,
Yn ∩ Ym = Cm0n ∩ Cm0m = Cm0(m,n) = Y(m,n).
Consequently, if (m,n) = 1 we have that
Ym ∩ Yn = Y1 = Cm0 = (Sm0 ∩ VK) \Sm0 = ∅.

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Corollary 4.9. For any ℓ ∈ P(Q) and any j ∈ Z>0 we have that qℓj exists, and qℓj ∈ Xk =
Skm0 if and only if ℓ
j divides k. (We remind the reader that by definition, qℓj = pℓj+ordℓ(m0) is
the indicator prime of [ℓj+ordℓm0 ]P .)
Proof. By definition of qℓj , to establish its existence it is enough to show that
Sℓordℓ m0+j \Sℓj−1+ordℓ m0 6= ∅.
At the same time, from the definitions of m0 and aℓ we have that
Sℓordℓ m0+j \Sℓj−1+ordℓ m0 = Sℓaℓ−1+j \Sℓj−1+aℓ−1 6= ∅,
and therefore qℓj exists.
Now suppose j > 0 and qℓj ∈ Xk = Skm0 . Then by definition of qℓj , we have that
pℓj+ordℓ m0 ∈ Skm0 ∩Sℓj+ordℓ m0 = SGCD(km0,ℓj+ordℓ m0 ) ⊆ Sℓordℓ(km0)
by Lemma 4.8. But by the same lemma and the definition of indicator primes,
pℓj+ordℓ m0 ∈ Sℓordℓ(km0) ⇔ j ≤ ordℓ k.
Conversely, suppose j > 0 and j ≤ ordℓ k. Then pℓj+ordℓ m0 ∈ Sℓj+ordℓ m0 ⊂ Skm0 by Lemma
4.8 once again and qℓj ∈ Xk. 
Corollary 4.10. (1) For any k ∈ Z>1 we have that
Yk = {qℓj : ℓ ∈ PQ, 0 < j ≤ ordℓ k}.
(2) For k, n ∈ Z>1 we have that Yk ⊆ Yn if and only if k
∣∣∣n.
(3) For k, n ∈ Z>1 we have that fk
∣∣∣fn if and only if k∣∣∣n.
(4) For k, n ∈ Z>1 we have that (k, n) = 1 if and only if (fk, fn) = (1), where (1) is a
trivial divisor.
Proof. (1) First we observe that by definition of Yk = Cm0k = Sm0k \ WK = Xk \ WK ,
these prime sets contain only the primes of the form pℓj for some ℓ ∈ PQ and some
j ∈ Z>0. Secondly, by Corollary 4.9, we also have that qℓj ∈ Xk if and only if
0 < j ≤ ordℓ k.
(2) If we assume that k
∣∣∣n, then Xk ⊆ Xn by Lemma 4.8 and consequently, Yk ⊆ Yn.
Conversely, if we suppose that Yk ⊂ Yn, then for every rational prime ℓ we have
that qℓordℓ(k) ∈ Yn by Part 1 of this corollary. Thus, by Part 1 again, for every rational
prime ℓ we have that ℓordℓ(k)
∣∣∣n. Consequently k divides n.
(3) If we first assume that fk
∣∣∣fn, then Yk ⊆ Yn and k∣∣∣n by Part 2 of this corollary. Next
if we suppose k
∣∣∣n, then Yk ⊆ Yn by Part 2 of this corollary again, and consequently
fk
∣∣∣fn by Corollary 4.6.
(4) Suppose (k, n) = 1, then Yk ∩ Yn = ∅ by Corollary 4.8. Since all the prime divisors
of fk are in Yk, and all the prime divisors of fn are in Yn, we must conclude that
(fk, fn) = (1). Conversely, if (fk, fn) = (1), then Yk ∩ Yn = ∅ = Y(k,n), where the last
equality holds by Corollary 4.8. But from Part 1, we conclude that (k, n) = 1 since
Y1 is the only Ym with m > 0 which is an empty set.

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The next corollary is the first step towards the existential definition of multiplication of
indices.
Corollary 4.11. Let m, k ∈ Z6=0 with (m, k) = 1. Then Ymk = Ym ∪ Yk
Proof. Since (m, k) = 1 the assertion follows from the Part 1 of Corollary 4.10. Indeed, for
any j ∈ Z>0 and ℓ ∈ PQ we have that 0 < j ≤ ordℓmk if and only if either 0 < j ≤ ordℓm
or 0 < j ≤ ordℓ k. 
While we established already that the denominator prime sets cannot distinguish be-
tween positive and negative indices, the result below tells us that the indicator primes
identify the absolute value of the index for a multiple of T uniquely.
Corollary 4.12. Let n1, n2 ∈ Z>0 be such that Yn1 = Yn2. Then n1 = n2,
Proof. By Corollary 4.10 we have that n1 divides n2 and n2 divides n1. Thus, n1 = n2. 
From Corollary 4.12 we immediately obtain the proposition below.
Corollary 4.13. Let n1, n2 ∈ Z>0 be such that fn1 = fn2. Then n1 = n2,
Proof. The equality fn1 = fn2 implies Yn1 = Yn2 and we are done by Corollary 4.12. 
We are now ready to conclude that under our definitions and under certain relative
primality assumptions, the denominator of the product is equal to the product of the de-
nominators.
Proposition 4.14. Let m, k ∈ Z>0 with (m, k) = 1 and ((m), fk) = 1, ((k), fm) = 1. Then
fmk = fkfm. (Here we consider (k), (m) as divisors in K.)
Proof. By Corollary 4.6 and Corollary 4.11 we have that fkfm divides fmk. Thus, it is enough
to show that fmk divides fkfm. So let p ∈ PK be such that ordp fmk = a > 0. Then by
Corollary 4.11 either ordp fm > 0 or ordp fk > 0 but both inequalities cannot hold at the
same time since (k,m) = 1. (See Lemma 4.8.) Without loss of generality, assume the first
alternative holds. By assumption ordp k = 0 and therefore by Corollary 4.6 we have that
ordp fmk = ordp fm. 
Definition 4.15. Let m, k ∈ Z>0 be such that (m, k) = 1 and ((m), fk) = 1, ((k), fm) = 1.
Then we will say that m and k can be multiplied directly.
The next lemma is a converse of sorts to the Proposition 4.14.
Lemma 4.16. Let m, k, n ∈ Z>0, (fk, fm) = 1 and fmfk = fn. Then (k,m) = 1, n = mk, and
(fk, (m)) = (fm, (k)) = 1.
Proof. First we show that (k,m) = 1. Suppose not. Let ℓ divide (m, k) and conclude that
qℓ ∈ Ym ∩ Yk = Y(m,k)
by Corollary 4.9, and therefore (fk, fm) 6= 1. Thus (k,m) = 1, and by assumption and
Proposition 4.11 we now have that Yn = Yk ∪ Ym = Ymk. By Corollary 4.12 we conclude
that n = mk. Suppose now without loss of generality (fk, (m)) 6= 1. Then for some p ∈ PK
dividing fk it is the case that ordpm > 0. In this case by Corollary 4.6 we have that
ordp fkm > ordp fk = ordp fkfm. 
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We now show that it is not hard to find pairs of indices which can be multiplied directly.
We start with a preliminary lemma.
Lemma 4.17. Let k, w be positive integers. Let t1, . . . , tm be all the K-factors of (k) not in
WK , and let ℓ1, . . . , ℓm ∈ PQ be such that ti = qℓji for some j ∈ Z>0. (In other words, ti is the
indicator prime for [ℓji ]T .) Assume further that (w, ℓi) = 1 for all i = 1, . . . , m. In this case
(fw, (k)) = (1). (Here we consider (k) as a divisor of K as above.)
Proof. Suppose (fw, (k)) 6= 1. In this case Yw contains ti = qℓji for some i = 1, . . . , m and
some j ∈ Z>0. However, by Corollary 4.10 we must then conclude that ordℓi w ≥ j > 0
contradicting our assumptions. 
Proposition 4.18. For any k ∈ 2Z6=0 there exists v ∈ Z6=0 such that for w = kv + 1 the
following conditions are satisfied:
(1) (k, w) = 1
(2) (k, k + w) = 1
(3) ((k), fw) = 1
(4) (fk, (w)) = 1
(5) (fk+w, (k)) = 1
(6) (fk, (k + w)) = 1
Proof. Clearly Conditions (1) and (2) are satisfied by construction for any v ∈ Z6=0. Next
let t1, . . . , tm be all the K-factors of (k) not in WK let ℓi ∈ PQ be such that ti = qℓji for some
j ∈ Z>0. (In other words, as above ti is the indicator prime for [ℓji ]T .) Let fk =
∏
hbuu be
the K - prime factorization of fk, and for every u let hu be the rational prime below hu.
We now rewrite the remaining conditions in terms of v, ℓi, and hu. It will be enough to
arrange that the following conditions are satisfied for all ℓi, hu:
(1) vk + 1 6≡ 0 mod ℓi (making sure that fw has no factors in common with (k) by
Lemma 4.17)
(2) vk + 1 6≡ 0 mod hu (making sure w has no factors in common with fk)
(3) k+ vk+ 1 6≡ 0 mod ℓi (making sure fk+w has no factors in common with (k) again
by Lemma 4.17. )
(4) k + vk + 1 6≡ 0 mod hu (making sure k + w has no factors in common with fk)
Note that for all hu and ℓi dividing k all the conditions are automatically are satisfied.
Thus, for any even ℓi the conditions are satisfied. (No hu can be even by assumption on
WK .) Hence without loss of generality we can assume that k is not divisible by any hu or
any ℓi and no ℓi is even. Note also that 99the equivalences are the same across all ℓi’s and
hu’s. So repetition of primes is not a problem. Let g = g(hu) or g = g(ℓi) be such that
g 6≡ 0 and g 6≡ −k modulo the relevant prime. Such a g exists for every prime because
all the primes are not even and so the residue fields contain at least three elements. (If
ℓi = hu = h
′
u then the corresponding g’s are selected to be the same.) Since we have
assumed k is not divisible by any of the primes hu or ℓi, we can solve the congruence
vk + 1 ≡ g modulo each of the primes and use the Chinese Remainder Theorem to get a
solution modulo all the primes simultaneously. 
Remark 4.19. From Proposition 4.18 we conclude that for every k ∈ 2Z>0 there exists an
odd w ∈ Z>0 such that k and w and k and k + w can be multiplied directly.
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The remaining Propositions 4.20 – 4.24 of this section will be necessary for defining
integers using just one universal quantifier. We start with a lemma which allows us to
generate integers.
Lemma 4.20 (Lemma 11 of [24]). There exists a positive integer m1 such that for any
positive integers l, k,
(4.1) d(xlm1)
∣∣∣n( xlm1
xklm1
− k2
)2
in the integral divisor semigroup of K.
Remark 4.21. If we restrict our attention to the non-inverted primes only, we can rewrite
(4.1) as
(4.2) dWK (xlm1)
∣∣∣nWK
(
xlm1
xklm1
− k2
)2
Lemma 4.22. With m1 as in Lemma 4.20, (dWK (xlm1), nWK (xklm1)) = (1) in the integral
divisor semigroup of K.
Proof. From Lemma 4.5 and Lemma 4.8 it follows that dWK (xlm1) divides dWK (xklm1) and
by definition (dWK (xklm1), nWK (xklm1)) = (1). 
From Lemma 4.20 and Lemma 4.22 we also deduce the following corollary.
Corollary 4.23.
dWK (xlm1)
∣∣∣nWK
(
xhKlm1
xhKklm1
− k2hK
)2
Proof. From an elementary algebra calculation we have
xhKlm1
xhKklm1
− k2hK =
(
xlm1
xklm1
− k2
) hK−1∑
r=0
(
xlm1
xklm1
)hK−1−r
k2r,
and therefore
nWK
(
xlm1
xklm1
− k2
) ∣∣∣nWK ( xhKlm1
xhKklm1
− k2hK )dWK (
hK−1∑
r=0
(
xlm1
xklm1
)hK−1−r
k2r).
However, the only primes which can appear in
dWK (
hK−1∑
r=0
(
xlm1
xklm1
)hK−1−r
k2r)
are the primes occurring in
dWK
(
xlm1
xklm1
)
.
The non-inverted part of the divisor of
xlm1
xklm1
is equal to
nWK (xlm1)dWK (xklm1)
nWK (xklm1)dWK (xlm1)
, where
dWK (xklm1)
dWK (xlm1)
is an integral divisor by Lemma 4.5. This leaves only primes from nWK (xklm1) in
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the denominator. Since none of these primes is present in dWK (xlm1) due to Lemma 4.22,
we have that
dWK (xlm1)
∣∣∣nWK
(
x
hK
lm1
x
hK
klm1
− k2hK
)2
~w
dWK (xlm1)
∣∣∣nWK
[(
xlm1
xklm1
− k2
)2(∑hK−1
r=0
(
xlm1
xklm1
)hK−1−r
k2r
)2]
~w
dWK (xlm1)
∣∣∣nWK ( xlm1xklm1 − k2
)2

Lemma 4.24. For any k ∈ Z>0 we have that d(xk), dk are squares of some integral divisors
of K.
Proof. From the Weierstrass equation y2 = x3 + ax + b we have that for any prime p of K,
if ordp x < 0, then ordp(x
3 + ax + b) = ordp x
3 < 0 and ordp y < 0 implying that ordp x ≡ 0
mod 2. 
5. DIOPHANTINE DEFINITION OF MULTIPLICATION ON INDICES
We start with a basic fact and some easy lemmas.
Lemma 5.1. The set {x ∈ OK,WK : x 6= 0} is Diophantine over OK,WK . (See Definition 2.2.3
and Proposition 2.2.4 of [36].)
We now use the fact that we can define the set of non-zero integers of our ring to define
relative primality over the ring.
Lemma 5.2. The set R = {(A,B) ∈ O2K,WK : AB 6= 0 ∧ (A,B)WK = 1} is Diophantine over
OK,WK .
Proof. It is easy to see with the help of the Strong Approximation Theorem that for
(A,B) ∈ O2K,WK
with AB 6= 0 the following statements are equivalent
(1) (A,B)WK = 1
(2) ∃X, Y ∈ OK,WK : XA+ Y B = 1

Notation 5.3. We define three sets: one to represent the points on our elliptic curve, one to
represent the elliptic curve addition, and one to represent the divisors of the denominators:
(1) Let
E = {(U, V,X, Y ) ∈ O4K,WK | ∃k ∈ Z6=0 :
U
V
= xm0k,
X
Y
= ym0k}.
For each quadruple (U, V,X, Y ) the index k = k(U, V,X, Y ) will be unique (since
the size of the torsion group divides m0) and will be called the corresponding (to
(U, V,X, Y )) index.
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(2) Let
Plus = {(U1, V1, X1, Y1), (U2, V2, X2, Y2), (U3, V3, X3, Y3)} ⊂ E3
consist of triples of quadruples possessing corresponding indices k1, k2, k3 satisfying
k1 + k2 = k3.
(3) Given (U, V,X, Y ) ∈ E, let
d(U, V,X, Y ) = {(A,B) ∈ O2K,WK :
(
U
V
)hK
=
A
B
, (A,B)WK = 1}.
Remark 5.4. The reason for defining the set d(U, V,X, Y ) is that over an arbitrary number
field K we cannot make sure that the numerators and denominators are relatively prime
in our ring. Thus a denominator can have “too many” primes in it and the divisibility
conditions from Proposition 4.14 can fail if we replace the divisors by the denominators.
At the same time, by the definition of the class number, if we raise the x-coordinate to
the power equal to the class number, we can obtain a relatively prime numerator and
denominator.
Given Lemma 5.2, the following assertion is obvious.
Lemma 5.5. E, Plus, and d(U, V,X, Y ) for fixed values of U, V,X, Y , are Diophantine over
OK,WK .
The next lemma and its corollary establish a connection between d(U, V,X, Y ) and the
divisor fk of the corresponding point on the elliptic curve.
Lemma 5.6. If (U, V,X, Y ) ∈ E, (A,B) ∈ d(U, V,X, Y ), and k is the corresponding index,
then for all p 6∈ WK we have that hK ordp fk = ordp nWK (B) (Here we remind the reader that
nWK (B) is the non-inverted part of the numerator of the divisor of B).
Proof. By definition of E and d(U, V,X, Y ) we have that
A
B
= xhKm0k for the corresponding
to (U, V,X, Y ) index k ∈ Z6=0. Without loss of generality we can assume that k > 0. (“−k”
gives the same B and the same fk by Lemma 4.2.) Let p 6∈ WK be such that ordp xm0k < 0.
Then either ordpA < 0 or ordpB > 0. The first alternative is impossible because A ∈
OK,WK and p 6∈ WK . Hence we conclude that ordpB > 0. Further we also have that
ordpA = 0 because otherwise the relative primeness conditions requiring that A and B are
not simultaneously divisible by any prime outside WK are violated. Now we see that
hK ordp xm0k = ordpA− ordpB = − ordpB.
Suppose now that for some p 6∈ WK it is the case that ordp xm0k ≥ 0 and ordpB > 0. In this
case we also must have that ordpA > 0 which again is impossible since (A,B)WK = 1.

Given the lemma above we immediately conclude the following.
Corollary 5.7. If I, I1 ⊂ I, I2 ⊂ I are finite subsets of non-zero integers, (Ui, Vi, Xi, Yi) ∈
E, (Ai, Bi) ∈ d(Ui, Vi, Xi, Yi), i ∈ I with ki being the corresponding indices, then(∏
i∈I1
Bi
)∣∣∣
WK
(∏
i∈I2
Bi
)
⇐⇒
(∏
i∈I1
fki
)∣∣∣
(∏
i∈I2
fki
)
.
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Next we show that divisibility of indices is Diophantine in our ring.
Lemma 5.8. If Divide = {(U1, V1, X1, Y1), (U2, V2, X2, Y2)} ⊂ E2 consists of pairs of quadru-
ples with the corresponding indices k1 and k2 such that k1|k2, then Divide is Diophantine over
OK,WK .
Proof. If (Ai, Bi) ∈ d(Ui, Vi, Xi, Yi), i = 1, 2, then by Corollary 5.7 we have that B1
∣∣∣
WK
B2 if
and only if fk1|fk2. At the same time by Corollary 4.10, Part 3 and Lemma 4.2, we have that
fk1|fk2 if and only if k1|k2. 
We can now define multiplication on the absolute values of indices.
Lemma 5.9. Let (Ui, Vi, Xi, Yi) ∈ E, (Ai, Bi) ∈ d(Xi, Yi, U,Vi), i = 1, 2, 3 with
(5.1) (B1, B2)WK = 1
and
(5.2) B1B2
∣∣∣
WK
B3 and B3
∣∣∣
WK
B1B2.
Then for the corresponding indices k1, k2, k3 ∈ Z6=0 we have that |k1||k2| = |k3|.
Proof. If ki is the index corresponding to (Ui, Vi, Xi, Yi), then from (5.1) and Lemma 5.6 we
conclude that (fk1, fk2) = 1. Now from Corollary 5.7 and (5.2) it follows that fk1fk2 = fk3,
and the assertion of the lemma is true by Lemma 4.16. 
Our final step in this section is to define a square of an index. This is all we need to
define multiplication.
Lemma 5.10. Let (U1, V1, X1, Y1) ∈ E be given and let k1 be the corresponding index. Assume
there exist quadruples (Ui, Vi, Xi, Yi) ∈ E with the corresponding indices ki for i = 2, . . . , 8
such that the following conditions and equations are satisfied.
(5.3) (Ai, Bi) ∈ d(Ui, Vi, Xi, Yi), i = 1, . . . , 8
(5.4) k1 ≡ 4 mod 16
(5.5) k2 ≡ 1 mod 2
(5.6) k3 = k1 + k2
(5.7) (B1, B2)WK = (B1, B3)WK = 1
(5.8) B1B2
∣∣∣
WK
B4 and B4
∣∣∣
WK
B1B2,
(5.9) B1B3
∣∣∣
WK
B5 and B5
∣∣∣
WK
B1B3
(5.10) k6 = k5 − k4
(5.11) k6 ≡ 0 mod 16
(5.12) k7 = k1 − 1
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(5.13) k8 = k6 − 1
(5.14) B7
∣∣∣
WK
B8,
Then k6 = k
2
1. Conversely, if k1 ≡ 4 mod 16 then there exist (Ui, Vi, Xi, Yi) ∈ E, i = 2, . . . , 8
such that all the equations and conditions above can be satisfied.
Proof. First assume that for some (Ui, Vi, Xi, Zi) ∈ E, i = 1, . . . , 8 with the corresponding
indices k1, . . . , k8 respectively, the conditions and equations (5.3) – (5.14) are satisfied.
Then by Lemma 5.9 we have from equations (5.7) – (5.9) that |k4| = |k1k2| and |k5| =
|k1(k1 + k2)|. Thus, k6 = ±k21 or k6 = ±(k21 + 2k1k2). From equations (5.4) and (5.5) we
know that k1 ≡ 4 mod 16 and k2 is odd. Therefore, k21 + 2k1k2 6≡ 0 mod 16. Thus, we
must conclude that k6 = ±k21. Finally, if k6 = −k21, then k8 = −1 − k21 and consequently
k1 − 1 does not divide k8, since |k1| ≥ 4, implying by Corollary 4.10 that f(k1−1) does not
divide fk8. Thus if k6 = −k21, then (5.14) cannot hold.
Assume now that k1 ≡ 4 mod 16. By Proposition 4.18 we can find a w ∈ Zodd so that
pairs (k1, k2 = w) and (k1, k3 = k1 + k2) can be multiplied directly. Let k4 = k1k2, k5 =
k1k3 = k
2
1 + k1k2. Let k6 = k5 − k4 = k21, k7 = k1 − 1, and finally k8 = k2 − 1 and define
(Ui, Vi, Xi, Yi), i = 2, . . . , 8 using the definition of E, and Bi, i = 1, . . . , 8 using the definition
of d(Ui, Vi, Xi, Yi). This will satisfy (5.3). Note further that Equations (5.4) and (5.5) can
be satisfied by the choice of k1 and k2. Equation (5.7) will be satisfied by the definition
of “can be multiplied directly”. Equations (5.8) and (5.9) will be satisfied by Proposition
4.14 and by the definition of “can be multiplied directly”. Equations (5.10) – (5.13) will be
satisfied by construction. Finally Equation (5.14) will be satisfied by Corollary 4.10. 
Lemma 5.10 completes the proof of Theorem 1.5 and Corollary 1.7. (The density com-
putation is in the Appendix.)
We finish this section with a new notation to be used below.
Notation 5.11. • Given (Ui, Vi, Xi, Yi) ∈ E, i = 1, 2, 3 we will say that
((U1, V1, X1, Y1), (U2, Y2, X2, Y2), (U3, Y3, X3, Y3)) ∈ Π
to mean that the corresponding indices k1, k2, k3 satisfy k3 = k1k2.
• Let
E1 = {(U, V,X, Y ) ∈ O4K,WK | ∃ unique k ∈ Z6=0 :
U
V
= xm1m0k,
X
Y
= ym1m0k}.
The positive integer m1 is defined in Lemma 4.20.
6. DEFINING Z OVER OK,WK USING ONE UNIVERSAL QUANTIFIER
In this section we use the existential definition of multiplication on indices to give a
first-order definition of Z over OK,WK using just one universal quantifier. We start with a
technical lemma.
Lemma 6.1. If z ∈ OK,WK has the following property:
∃U1, V1, X1, Y1, ∀b, ∃U2, V2, X2, Y2, U3, V3, X3, Y3, A1, A2, A3, B1, B2, B3, C
(with all the variables ranging over OK,WK) such that
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(6.1) (U1, V1, X1, Y1), (U3, V3, X3, Y3) ∈ E, (U2, V2, X2, Y2) ∈ E1,
(6.2) ((U1, V1, X1, Y1), (U2, V2, X2, Y2), (U3, V3, X3, Y3)) ∈ Π,
(6.3) (Ai, Bi) ∈ d(Ui, Vi, Xi, Yi), i = 1, 2, 3,
(6.4) b2hK |WK B2,
(6.5) (A3B2z −B3A2)2hK = B2hK+12 C,
then z ∈ Z.
Conversely, if z0 ∈ Z6=0 and z = z2hK0 , then Equations (6.1)–(6.5) can be satisfied with
variables as above ranging over OK,WK .
Proof. First assume that equations above are satisfied for some z ∈ OK,WK . From (6.1)–
(6.3), we conclude that if k1, k2, k3 are the indices corresponding to
(U1, V1, X1, Y1), (U2, V2, X2, Y2), and (U3, V3, X3, Y3)
respectively, then k3 = k1k2, k2 ≡ 0 mod m1 and nWK (Bi) = fhKki . Further for the discussion
below k1 is fixed. From equation (6.5), we obtain that
nWK (B
2hK+1
2 )
∣∣∣nWK (A3B2z − A2B3)2hK
and therefore
nWK (B2)
∣∣∣nWK (A3z − A2B3B2 )2hK
Further, since (B2, A3)WK = 1 by Lemma 4.22, we have that
(6.6) nWK (B2)
∣∣∣nWK (z − A2B3A3B2 )2hK .
Thus, since nWK (B2) is a 2hK-th power of another divisor in K by Lemma 4.24, and by the
definition of B2 we have that
(6.7) 2hK
√
nWK (B2)
∣∣∣
WK
nWK (z −
A2B3
A3B2
).
From Corollary 4.23 and Lemma 4.24, since k2 is divisible by m1 while k3 = k1k2, and
therefore k3 is also divisible by m1, we conclude that
√
dWK (xk2m0)
∣∣∣
WK
nWK
(
xhKk2m0
xhKk3m0
− khK1
)
,
and therefore, using the definition of B2, we have
2hK
√
nWK (B2)
∣∣∣
WK
nWK
(
xhKk2m0
xhKk3m0
− khK1
)
.
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Substituting
A2B3
A3B2
for
xhKk2m0
xhKk3m0
we obtain
(6.8) 2hK
√
nWK (B2)
∣∣∣
WK
nWK
(
A2B3
A3B2
− khK1
)
.
Combining (6.7) and (6.8) and using the definition of the divisibility in the divisor semi-
group, we obtain
2hK
√
nWK (B2)
∣∣∣nWK (z − k2hK1 ),
and
nWK (b)
∣∣∣nWK (z − k2hK1 ),
Since the last divisibility condition has to hold for all b, we must conclude that z = k2hK1 .
Conversely, suppose z = z2hK0 for z0 ∈ Z6=0. Let (U1, V1, X1, Y1) ∈ E with the corre-
sponding index k1 = z0. Let b ∈ OK,WK be given. Let k2 ≡ 0 mod m1 be such that
b2 |WK dWK (xk2m0). Such an index k2 exists by Lemma 4.7. Let (U2, V2, X2, Y2) ∈ E corre-
spond to k2. Let k3 = k1k2 and let (U3, V3, X3, Z3) ∈ E correspond to the index k3. Observe
that conditions (6.1) and (6.2) are now satisfied. Further note that equation (6.6) holds
by Corollary 4.23 and therefore equation (6.5) holds also. 
To deal with the case of an arbitrary non-zero integer we add the following corollary.
Corollary 6.2. If z0 ∈ OK,WK has the following property:
∃z1, . . . , z2hK ,
∃U1,0, . . . , U1,2hK , V1,0, . . . , V1,2hK ,
∃X1,0, . . . , X1,2hK , Y1,0, . . . , Y1,2hK ,
∀b,
∃U2, V2, X2, Y2,
∃U3,0 . . . U3,2hK , V3,0, . . . , V3,2hK ,
∃X3,0, . . . , X3,2hK , Y3,0, . . . , Y3,2hK ,
∃A1,0, B1,0, . . . , A1,2hK , B1,2hK , A2, B2, A3,0, B3,0, . . . , A3,2hK , B3,2hK , C0, . . . , C2hK ,
(with all the variables ranging over OK,WK) such that
(6.9) zj = (z0 + j)
2hK , j = 0, . . . , 2hK ,
(6.10) (Ui,j , Vi,j, Xi,j, Yi,j) ∈ E, i = 1, 3, j = 0, . . . , 2hK ,
(6.11) (U2, V2, X2, Y2) ∈ E1,
(6.12) [(U1,j , V1,j, X1,j, Y1,j), (U2, V2, X2, Y2), (U3,j, V3,j, X3,j, Y3,j)] ∈ Π, j = 0, . . . , 2hK ,
(6.13) (Ai,j, Bi,j) ∈ d(Ui,j, Vi,j, Xi,j, Yi,j), i = 1, 3, j = 0, . . . , 2hK ,
(6.14) (A2, B2) ∈ d(U2, V2, X2, Y2),
(6.15) b2hK |WK B2,
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(6.16) (A3,jB2zj −B3,jA2)2hK = B2hK+12 Cj , j = 0, . . . , 2hK ,
then z0 ∈ Z.
Conversely, if z0 ∈ Z6=0, then Equations (6.9) – (6.16) can be satisfied with variables as
described above ranging over OK,WK .
Proof. If the assumptions of the corollary are true, then by Lemma 6.1 we have that
z2hK0 , . . . , (z0 + 2hK)
2hK ∈ Z,
and by Corollary B.10.10 of [36], we have that z0 ∈ Q. At the same time, since z2hK0 ∈ Z
we have that z0 is an algebraic integer, and hence in Z. The rest of the proof is analogous
to the proof of the second part of Lemma 6.1 
The last proposition concludes the proof of Theorem 1.8.
7. INFINITE EXTENSIONS
Notation and Assumptions 7.1. We add the following to our assumption list.
• Let K∞ be a possibly infinite algebraic extension of K.
• Assume E(K∞) = E(K).
• Let OK∞,WK∞ be the integral closure of OK,WK in K∞.
Given the assumptions on our elliptic curve, it is easy to see that the results of the
previous section will carry over, and therefore we have the following theorem:
Theorem 7.2. (1) Let K be a number field. Let E be an elliptic curve defined and of
rank one over K. Let P be a generator of E(K) modulo the torsion subgroup, and fix
an affine Weierstrass equation for E of the form y2 = x3 + ax + b, with a, b ∈ OK ,
where OK is the ring of integers of K. Let (xn, yn) be the coordinates of [n]P derived
from this Weierstrass equation. Then there exists a set of K-primes WK of natural
density one, and a positive integer m0 such that the following set Π∞ ⊂ O12K∞,WK∞ is
Diophantine over OK∞,WK∞ .
(U1, U2, U3, X1, X2, X3, V1, V2, V3, Y1, Y2, Y3) ∈ Π∞ ⇔
∃ unique k1, k2, k3 ∈ Z6=0 such that
(
Ui
Vi
,
Xi
Yi
)
= (xm0ki , ym0ki) and k3 = k1k2.
(2) For n 6= 0 let φ∞(n) = [(Un, Vn, Xn, Yn)], the class of (Un, Vn, Xn, Yn) under the equiv-
alence relation described below, where Un, Vn, Xn, Yn ∈ OK∞,WK∞ , YnVn 6= 0, and
(xm0n, ym0n) =
(
Un
Vn
,
Xn
Yn
)
. Let φ∞(0) = {[0, 0, 0, 0]}. Then φ∞ is a class Diophantine
model of Z. (Here if Y V 6= 0 we have that (U, V,X, Y ) ≈ (Uˆ , Vˆ , Xˆ, Yˆ ) if and only if
(
Uˆ
Vˆ
,
Xˆ
Yˆ
) = (
U
V
,
X
Y
).)
(3) Z is definable over OK∞,WK∞ using one universal quantifier.
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8. APPENDIX
In this Appendix we calculate the natural density of VK . This calculation is similar to
the one carried in [2]. We use Notation 4.1 and a new notation: for a prime p of a number
field K we let Np denote the size of the residue field of p.
Lemma 8.1. Let ℓ ∈ P(Q) and suppose p ∈ Sℓn+1 \Sℓn for some n ∈ Z≥0. (Such a p exists,
if n ≥ aℓ.) Then ℓn+1 < 3Np.
Proof. If p ∈ Sℓn+1\Sℓn, then p does not divide the discriminant of our Weierstrass equation
and E˜, the reduction of E mod p is non-singular. Further, xℓn , yℓn are integral at p, while
ordp xℓn+1 < 0, ordp yℓn+1 < 0. Therefore, under the reduction mod p, the image of [ℓ
n]P
is not O˜ – the image of O mod p , while [ℓn+1]P˜ = O˜. Thus we must conclude that E(Fp)
has an element of order ℓn+1 and therefore ℓn+1|#E(Fp). Let #Fp = Np = q. From a
theorem of Hasse we know that #E(Fp) ≤ q + 1 + 2√q ≤ 3q (see [40], Chapter V, Section
1, Theorem 1.1). 
Lemma 8.2. The natural density of the set A = {pℓk : ℓ ∈ PQ, k ∈ Z>1 ∧ k ≥ aℓ} is zero.
Proof. For p = pℓk ∈ A , the preceding lemma says that 3Npℓk > ℓk. Thus, since each p ∈ A
corresponds to a distinct pair (ℓ, k) with ℓ ∈ P(Q) and k ∈ Z≥2 with 3Np > ℓk, we have
the following inequality:
#{p ∈ A : Np ≤ X} ≤ #{(ℓ, k) ∈ PQ × Zk≥2 : ℓ ≤ k
√
3X}
Clearly if
k
√
3X < 2, there will be no prime ℓ with ℓ ≤ k√3X. Thus, we can limit ourselves
to positive integers k such that k ≤ log2(3X).
By the Prime Number Theorem (see [14], Theorem 4, Section 5, Chapter XV), for some
positive constant C we have that #{ℓ ∈ PQ : ℓ ≤ X} ≤ CX/logX for all X ∈ Z>0. From
the discussion above we now have the following sequence of inequalities:
{p ∈ A : Np ≤ X} ≤
⌈log2(3X)⌉∑
k=2
#{ℓ ∈ PQ : ℓ ≤ k
√
3X}
≤
⌈log2(3X)⌉∑
k=2
#{ℓ ∈ PQ : ℓ ≤
√
3X}
≤ log2(3X)[C
√
3X
log
√
3X
] = C˜
√
X
for some positive constant C˜. At the same time by the Prime Number Theorem again we
also know that for some positive constant C¯ we have #{p ∈ PK : Np ≤ X} ≥ C¯X/ logX.
Thus the upper density of A is
lim sup
X→∞
#{p ∈ A : Np ≤ X}
#{p ∈ PK : Np ≤ X} ≤ lim supX→∞
C˜
√
X logX
C¯X
= 0.
Hence A has a natural density, and it is zero. 
Proposition 8.3. The set VK(P ) has natural density zero.
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Proof. We first observe that it was proven in [24] and [27] that the set
B = {pℓ : ℓ ∈ PQ ∧ aℓ = 1}
has a natural density that is zero. Finally we note that B ∪A = VK(P ). 
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